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Problem of the trace formula and previous work Simple foliated flows

Foliated flows

M a closed manifold. F a foliation of codimension 1 on M.

¢ = {¢'} a foliated flow on M: ¢* : leaves — leaves.

Preserved leaves: ¢f: L

MO = |J(preserved leaves), saturated, closed.

MY = M\ M°, saturated, open, F! = Fl|pu.

> : a complete transversal of F.

‘H: holonomy pseudogroup of F on ¥ (transverse dynamics of F).
¢ foliated ~ local flow ¢ = {¢'} on ¥, H-equivariant.

{preserved leaves} <+ {H-orbits of points fixed by ¢}, L+ LNE.
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Problem of the trace formula and previous work Simple foliated flows

Simple foliated flows

The foliated flow ¢ is called simple if:
@ The fixed points p € X of ¢ are simple:
o id—gl: T,Z=RO™ for|t| # 0 small.
o~ dr#0st. ¢l =™ T, =RO.
o H-equivariance of ¢ ~~ s = 3 where L =L, C M°.
o~ M°= U (compact leaves).
finite
@ ¢ Fon M.
@ The closed orbits ¢ ¢ M are simple:
o Vperiod /1 #0, Vxec, id—¢’:Nic= T, FO=.
o ~ ¢(c) = signdet(id — ¢! : T, F D).
o ((c) = min{positive periods of c}, other periods: kf(c) (k € Z).
The foliations with simple foliated flows can be described . ..
(Kim-Masanori-Noda-Terashima 2020, A .-Kordyukov-Leichtnam 2022).
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Problem of the trace formula and previous work Simple foliated flows

e
L
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Problem of the trace formula and previous work Problem of the trace formula

Reduced leafwise cohomology

o Exterior bundles over M: AM = A T*M, AF =A\T*F.

o C°(M;AF) = {leafwise forms}, with the C* topology,
a topological vector space;
a locally convex space (LCS);
in fact, a Fréchet space.

@ The leafwise differential operator dr : C*°(M; AF) is continuous,
~ (C®(M; AF),dr) is a topological complex.

@ ~~ leafwise cohomology: H®(F) a possibly non-Hausdorff LCS
(the differential complex dr is not elliptic, only leafwise elliptic).

o Leafwise reduced cohomology: H®*(F) = H*(F)/0 Hausdorff LCS.
o ~ ¢* = {¢t} on H*(F) and H*(F).
@ It is invariant by leafwise homotopy equivalences of foliated flows.
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Problem of the trace formula and previous work Problem of the trace formula

Problem of the trace formula for simple foliated flows

Problem (C. Deninger 2001, Guillemin-Sternberg 1977 (partly))
o Define a “Leftschetz distribution” Lais(¢t) on R for ¢t* on H*(F).
Ldis(¢t) S CiOO(R)
@ Prove a trace formula describing Lais(¢") in terms of the data from
the closed orbits and preserved leaves.

@ It should be similar to Weil's explicit formula in Arithmetics.
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Problem of the trace formula and previous work Problem of the trace formula

Condition of transverse orientability

Assume F is transversely oriented (for simplicity, not needed!):
NF = TM/TF is oriented, < NF is trivial.

& Jw e C®(M,A'M) st. TF = kerw.

3n € C¥(M;A'M) st. dw =nAw (integrability of TF).
n=nlF e C(M;AF), dr=0, ~ &=[n]eH(F)

¢ is determined by F, but we can choose any 7 € &.

~~ the normal bundle NMP? is also trivial.

~~ a trivial tubular neighborhood of M%: T = M® x (—¢,¢),.
We can choose 1 and p such that drp = pn.

¢ M FL ~» Flis always transversely oriented by ¢.
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Problem of the trace formula and previous work Case without preserved leaves

Case without preserved leaves

Assume A preserved leaves (M° = ().

~ F is Riemannian: it is locally defined by Riemannian submersions
for some Riemannian metric on M (a bundle-like metric).

< dw=0 (n=0, wisan invariant transverse volume form).

~ 6F =d¥, Ar=drér+drdr on C®°(M;AF), in L2(M;AF),
(leafwise coderivative/Laplacian).

A is self-adjoint in L2(M; AF).

~~ leafwise heat operator e 'A% on L2(M;AF) (0 <t < o0)

Mz = e~>A7 is the orthogonal projection to ker(Az in L2(M; AF)).
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Problem of the trace formula and previous work Case without preserved leaves

Case without preserved leaves

Theorem (A.-Kordyukov 2001)

(a,t) — e A7 defines a smooth map

C®(M; AF) x [0,00] = C(M;AF) .

~ H*(F) = ker(Ax in C°(M; AF)).
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Problem of the trace formula and previous work Case without preserved leaves

Case without preserved leaves

e For f € C°(R), let

:/qSt*-f(t)dtoI'I; on  C®(M;AF).
R

@ w ~» Connes’ Euler characteristic (Connes 1979):

Xw(F) = / (leafwise Euler density) - w
M

Theorem (A.-Kordyukov 2002)
© Pr is a smoothing operator, ~- it is of trace class.
Q Lais(¢) := (f — Str Pr) € C~°(R).
Q Lais(0) = xw(F) do + D>_€(c) Y ec(kl(c)) Skee)

c k0
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T e
Idea of the proof

uf—/(bt*- f(t)dtoe A7 Vu e (0,00].

Puyf: C°(M;\NF) — C*(M;AF) is continuous (smoothing).
~» its Schwartz kernel K, r(p,q) is C>* on M x M,

ufa / Ku f(Pa y)v StrPu,f = /MStrKu,f(PaP)-

Mg Str Py s = xw(F) F(0) + > _£(c) > ec(kt(c)) F(ke(c)) .
c k#0

d
Tr[AB] :O ~ ?Strpu7f :0 .
u
@ ~~ Str Pr = lim Str P, s = lim Str P, r = the above formula. [
utoo ’ ul0 ’
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General case Conormal distributions

Another leafwise complex is needed

@ Suppose 3 preserved leaves (MO #£ ().

e For simplicity, assume for a while M® = L, only one preserved leaf.

@ ~ (C®(M;A\F),dr) does not work!

@ The dual complex (C~*°(M; AF), dr) of leafwise currents does not
work either.

~> another leafwise complex is needed.

~> deeper Functional Analysis.

~ Lgis(¢) will be given by the action ¢ on 2 leafwise reduced
cohomologies at the same time, H®/(F) and H*I'(F).
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General case Conormal distributions

Distributions

o QM: the density bundle.
o C (M) = C>®(M; QM) = {distributions}.
(We consider continuous dual spaces with the strong topology.)

e C®(M) C C~*°(M) continuous, dense.
(All inclusions of LCS considered here are continuous.)

@ With more generality, we can consider spaces of special distributional
sections of a vector bundle E — M, like C~°°(M; E). But their study
can be reduced to corresponding spaces of distributions; e.g.,

C(M;E) = C*(M) ®coo(my C°(M; E) .

e ~~ for simplicity, we first study spaces of distributions.
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General case Conormal distributions

Sobolev spaces

Diff(M): differential operators on C>°(M), also on C~*°(M).

Sobolev space of order s € Ny:
H5(M) = {u e C~>(M) | DiffS(M) - u C L>(M)} ,

with the coarser topology s.t. P : HS — L2 is cont. VP & Diffs(M).
(We always consider this kind of topology for spaces defined like this.)

For s € R, the definition of H*(M) is similar but more involved ...
s<s = H5(M) > HS(M) dense.

JH (M) = C™(M), (H(M)=C>(M).

S S

(All unions/intersections of inductive systems of inclusions of LCS are
endowed with the inductive/projective locally convex topologies.)

If M is not compact, then H*(M) depends on the choice of a metric,
~~ unions/intersections H=>°(M) C C*>®(M).
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General case Conormal distributions

Conormal distributions

Distributions with nice singularities at M® = L.
X(M,L)={X € X(M)| X tangent to L }.

~ Diff(M, L) C Diff(M).

Distributions conormal at L of Sobolev order s:

I)(M, L) = { ue H (M) | Diff(M, L) - uc HS(M)},

with the topology defined as above ...
s<s = 1M, L) > IE)(M, L).
Distributions conormal at L: /(M. L) = | JI®)(M, L).

s

e C°(M)D I(M,L) D C*(M) dense.
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General case Conormal distributions

Conormal distributions (contd.)

Theorem (A.-Kordyukov-Leichtnam 2023)

I(M, L) is barreled, ultrabornological, webbed, acyclic Montel space,
~~ complete, boundedly retractive and reflexive. (It is a decent LCS.)

@ The proof uses Homological Theory of LCSs.
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General case Dual-conormal distributions

Dual-conormal distributions

I'(M, L) = I(M, L, QM)" = {dual-conormal distributions}.
C (M) D> I'(M, L) D C®(M).

I'S(M, L) = IS (M, L; QM)
s<s' = IE(M, L)« I'EVM, L) (restriction maps).

Theorem (A.-Kordyukov-Leichtnam 2023)
@ /'(M, L) is a complete Montel space.
@ /(M,L)=lim/'"®}(M,L) as s|—oc.
Q I(M,L)ynI'(M,L) = C>®(M).
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Conormal distributions supported in L

e KIM,L)={uel(M,L)|suppucC L} CI(M,L)
with the subspace topology.
o KM, L) c I®O(M,L) similar.

Theorem (A.-Kordyukov-Leichtnam 2023)
Q@ K(M,L) satisfies the same properties as |(M, L).
@ K(M,L)=JK(M,L).
S
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Conormal distributions supported in L
Description of K(M, L)

o C®(L;Q INL) C K(M,L):

(u,v) = / v, ueC®(LQINL), veC®(MQM).
L

am w
o K(M,L) > amC(L;Q INL) = C(L; Q7 INL) = C(L).
Theorem (A.-Kordyukov-Leichtnam 2023)

K(M,L) = é INCO(LQ7IN) = é C>(L).
m=0

m=0
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Restriction of the conormal distributions to M*
Cutting M along L

o Cut MalongL, ~M, F, oM=LUL M= M!,
j:ZF]M =F!, w, n,
T=0Mx[0,€), = (L x (—¢,0],) U (L x [0,€),).
e Jan extension p € C*(M) s.t..
e p>0, IM={p=0}, dp#0ondM
(boundary defining function),
e p=|plonT,
o drp = pn.
o F = F1! has a bundle-like metric g;, of bounded geometry
(a Riemannian foliation of bounded geometry).
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Case of the simple example
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Case of the simple example
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Restriction of the conormal distributions to M*

o JIM,L)={ulpp |u€c (ML)} C C®(M) = C>®(M).
o Vm e R, let

J"(M, L) = {ue C°(M)|Diff(M,L)-uC p™L>®(M)},

with the topology defined as before ...
o JIM,L)y=[JJ"(M,L) (R. Melrose), ~+ a LCS.

@ The restriction map R : (M, L) — J(M, L) is continuous.
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Restriction of the conormal distributions to M*
Properties of J(M, L)

Theorem (A.-Kordyukov-Leichtnam 2023)
J(M, L) satisfies the same properties as I(M, L).

Theorem (R. Melrose 1996, A.-Kordyukov-Leichtnam 2023)

The following is a short exact sequence in the category of continuous
linear maps between LCSs:

0— K(M, L)% I(M, L) & Jm, L) > 0.
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Restriction of the conormal distributions to M*
Description of J(M, L)

e g, of bounded geometry on M ~» HE®(M).
o p'HEX(M) LCS s.t. pi : HEX(M) S5 pHEX(M) (1 € R).
o i< i = ptHEX(M) D pt HEX(M).
Theorem (A.-Kordyukov-Leichtnam 2023)
J(M, L) = p"H>(M).
nw
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G e
Other dual spaces

o K'(M,L) = K(M,L;,QMY, J(M,L) = J(M,L,QM)".
o KI)(M, L), J™(M,L), similar.

Theorem (A.-Kordyukov-Leichtnam 2023)
Q@ K'(M,L) and J'(M, L) satisfy the same properties as I'(M, L).

@ The following transposed sequence is exact in the category of
continuous linear maps between LCSs:

0 K'(M, L) <= I'(M, L) E~ (M, L) «0.
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Other dual spaces
Description of K'(M, L)

o Recall:

K(M,L;QM) 2 97 C®(L; Q "NL® QM) = C*(L; QL) .
—_—
QL
@ ~~ a projection (transposing)
()m

K'(M,L) = a7 C™>(L )N C>(L).

Theorem (A.-Kordyukov-Leichtnam 2023)

Ha’" LQL:HC (L).
m=0
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Other dual spaces
Description of J'(M, L)

Transposing J(M, L) = Up“HOO(M), we get:
"

Theorem (A.-Kordyukov-Leichtnam 2023)

J(M, L) =) p'H™™(M) .

J. Alvarez (USC) A trace formula for foliated flows June 2023 38/58



General case Conormal and dual-conormal leafwise currents

Conormal and dual-conormal leafwise currents

Now M® may have several leaves L.
I(F) = I(M, M°; AF), K(F), J(F), I'(F), K'(F), J)(F) have the
same properties as before.

All of them are topological complexes with dr.

@ ~ leafwise cohomologies H*I(F), H*K(F), H*J(F), H*I'(F),
HK'(F), H*J/(F).

~~ leafwise reduced cohomologies HeI(F), H*K(F), H*J(F),
Hel'(F), B*K'(F), H*J(F).

~ ¢* = {¢™} on all of them.

Invariant by leafwise homotopies of flows.

@ ~» we can assume ¢! = id on M°.
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General case Conormal and dual-conormal leafwise currents

Description of K(F)

o For preserved leaves L MO,
m ~oo(|. -1 — [OO(] .
oy C (LAL® Q "NL) = C*°(L;AL) ,
dr=dp— (m+1)nn, ¢ = e (MH)at

° dL7_k:dL—k77/\ (k:m+121)

o ~ H (L), BT (L), x—k(L)=x(L).
@ Then

(Witten's type perturbation).

K(F)

@é C>®(L;AL) ,
L

k=1

d]: = @ @ d[_,,k , (Z)t* = @ @ eik%Lt .

L k=1 L k=1
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Conormal and dual-conormal leafwise currents
Description of H*K(F)

Corollary (A.-Kordyukov-Leichtnam 2023)

H'K(F) = H'K(F) =P é H W (L), o™= é ekt
L k=1

L k=1

@ Renormalizing, it makes some sense to define:

N 3 x(L) 00
Lais,k(¢) = EX )E:ekLt: emt_lGC (R¥) .
2 t>0 k=1 2 t>0
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Conormal and dual-conormal leafwise currents
Description of H*K'(F)

Similarly, using that  HZ (L) = HA™(D=r (1)

—m

Corollary (A.-Kordyukov-Leichtnam 2023)

HK'(F)=HK'(F) =@ [[Hi(L), ¢ =P ][] -

L k=0 L k=0

@ Renormalizing again, it makes some sense to define:

L) = 3 Y = 3 M e emy
k=0

2 t<0 2 t<0
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Conormal and dual-conormal leafwise currents
Contribution from H*K(F) and H*K'(F)

@ ~~ it makes some sense to define:

L
Lais, K,k (6) = Lais, k(¢) + Laiskr(¢) =Y |e,ifg_)1‘ € C*(RY).
L

° ﬁ can be extended to distributions on R, but we continue

writing ﬁ in C™>°(R) (for clarity and simplicity).
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Conormal and dual-conormal leafwise currents
Description of H*J(F)

e drp=pn ~ dr, =drF+punN=prdrp" on HE°(M; AF)
(leafwise Witten's perturbation).

° (bfj“ = p HPpt*pt on HiOO(M;A]:).
° ~ H;HiOO(J-'), H/;Hiw(}‘) with @7 = {@!}.

e For pu < 1/, the following diagram is commutative:

(P HES(NI; AF), dr) 20 (ot HE(N; AF), d)

p;/T% ng“

o w = o
(HES(M;AF), dx ) L—  (H*(M;AF),dx,)
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Conormal and dual-conormal leafwise currents
Description of H*J(F)

J(F) = Jp"H*(M; AF) = lim H*(M; AF) ,
"

dr =limdr,, ¢ =lme," (ul—o0).

Corollary (A.-Kordyukov-Leichtnam 2023)

FRJ(F) = lim R (F) ot =lim @t
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Conormal and dual-conormal leafwise currents
Description of H*J'(F)

ﬂp“H (M; AF) = lim H=(M; AF) ,
df:;df,;“ ¢ =lime," (u100).

Corollary (A.-Kordyukov-Leichtnam 2023)

H*J'(F) = lim H3H —X(F), ¢ = limgp* .
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Conormal and dual-conormal leafwise currents
Contributions from H*J(F) and H*J'(F)

@ We proceed like in the case without preserved leaves, using ds~ and

Fu
f;" on H*(M; AF), and using the bounded geometry.

@ ~~ smoothing operators

Pur= /Rcb,i* f(t)dtolNy
Puur= /Rcbff F(t)dtoe “AFu

@ ~» C* Schwartz kernels K, r(p, q) and K, .. r(p, q).

o But now P, ¢ and P, , s are not of trace class (M is not compact).
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Conormal and dual-conormal leafwise currents
Contributions from H*J(F) and H*J'(F)

@ However P, , ¢ has a b-trace:

b .
TrP, = lim / tr K ,p)—Ine-C| ,
oty f d ( () ot (P, P) )

el0

where C is determined by this convergence (Melrose 1993).
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Case of the simple example
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General case Conormal and dual-conormal leafwise currents

Case of the simple example
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Conormal and dual-conormal leafwise currents
Contributions from H*J(F) and H*J'(F)

Theorem (A.-Kordyukov-Leichtnam 2023)

Iifa PStr Py ur = "xw(F) F0) + > (c) > ec(kt(c)) f(kt(c)) -
“ c k0

However "Tr[A, B] # 0 (the b-trace is not a trace), ~ dibStr P.u #0.
u

Theorem (A.-Kordyukov-Leichtnam 2023)

If dim F is even, we can choose 1) and gy, so that

(Z,,f) = lim ("StrP,,¢r—"StrP,,r)

utoo, v,|0

defines a tempered distribution on R, and Z, — 0 as y — +o0.
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Conormal and dual-conormal leafwise currents
Contributions from H*J(F) and H*J'(F)

@ ~~ it makes sense to define

(Lais.s(¢), £) = lim lim *StrP,, , ¢ |

ptoo utoo
(Lais,y(¢),f) = lim lim ®StrP, , ¢ .
pl—o00 utoo
@ Ldis,J(¢) = Ldis,J’(Qb) = wa(."r) do + Zf(c) Z 6C(kg(c)) 5ké(c)-

c k#0
Actually, they can be considered as the same contribution from
I(F)NI'(F) = C®(M;A\F).

~ Lais, 1.0/ (¢) = Lais,s(¢) = Lais, s (¢).

J. Alvarez (USC) A trace formula for foliated flows June 2023 53 /58



General case Conormal and dual-conormal leafwise currents

Trace formula

Theorem (A.-Kordyukov-Leichtnam 2023)

The above short exact sequences induce short exact sequences

0 — H*K(F) = B I(F) B Beu(F) >0,
0« H*K'(F) &= HI(F) & B u/(F) « 0.

o ~ Lais(¢) = Lais, 1,1 (¢) = Lais,k,k'(¢) + Lais, s, (9).

Theorem (A.-Kordyukov-Leichtnam 2023)

L) = 3 182+ B0+ 2 10) 3 k)
L

< keZX*
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General case Conormal and dual-conormal leafwise currents

Comparison with Weil's explicit formula when dim F = 2
@ The trace formula on R* becomes:

1 — (“distributional trace” of qS* on degree 1) +1

—Z,emt (T2 Ue) D celk)duaey -

keZX*

@ Weil's explicit formula on R*:

1— > e’ + et

pel=1(0), Rp>0

=1 et leso + lico

e
1 1— e

+ Z |ng Z (5k log p + p_ké—klogp> .

p kezZ*
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General case Conormal and dual-conormal leafwise currents

Comparison with Weil's explicit formula when dim F = 2
@ The trace formula on R* becomes:

1 — (“distributional trace” of ¢* on degree 1)+1

—Z ,emt RPN SRR

kezZ*
@ Weil's explicit formula on R*:
1 _ Z ei’/) + et
pel=1(0), Rp>0
1 et
T liso+ 1 oot Lico
+Z|0gp Z (5klogp + 5—k|ogp> .
keZ+
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General case Conormal and dual-conormal leafwise currents

Final comment

@ Deninger's programme contains the idea of an interpretation of Weil's
explicit formula as a Lefschetz trace formula for a flow.

@ It is a rough approximation of the arithmetic reality. But such an
interpretation should exist and it would be interesting to reach it.

@ We believe that the tools and methods used in our proof might be of
interest for such a goal, though it's still far from being achieved.
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General case Conormal and dual-conormal leafwise currents

Thank you very much for your attention!
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